A CORRECTION TO "DYNKIN GAMES VIA DIRICHLET FORMS 
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Abstract. In the paper "Dynkin Games Via Dirichlet Forms and Singular Control of One- 
Dimensional Diffusion" pQ, the authors tried to show the existences of a smooth value function and 
an optimal policy to a one-dimensional stochastic singular control problem, where the underlying 
process is a generalized diffusion process given by dXt = fj,(Xt)dt + a(Xt)dwt, in which uit is a 
Wiener process. It is found that either a condition on fi(x) and (r(x) should be added, or a different 
diffusion process should be considered and as a result, the main theorem of this paper should be 
amended. 
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In the paper "Dynkin Games Via Dirichlet Forms and Singular Control of One- 
Dimensional Diffusion" pQ , the authors tried to show the existences of a smooth value 
function and an optimal policy to a one-dimensional stochastic singular control prob- 
lem via Dynkin game and Dirichlet form. The value function V(x) of a Dynkin game 
is known to exist [3], which is the solution of a variational inequality problem in- 
volving Dirichlet form. The integration of V(x) turns out to be a smooth optimal 
return function W{x) for a stochastic singular control problem. Thus the traditional 
technique of viscosity solution is avoided. 

In their paper, the underlying process is a generalized diffusion process given by 
dX t = fi(Xi)dt + (r(X t )dwt, in which wt is a Wiener process. It is found that either 
a condition on and a(x) should be added, or a different diffusion process should 
be considered and as a result the main theorem of this paper should be amended. 

In their paper, the infinitesimal generator is defined as (see page 693, Eq. 4.1 in 

m) 

(0.1) Lu(x) = 4—-r u i x ) = u(x)u'(x) + -a(x) 2 u"(x), 

dm ds 2 

where ds(x) = s(x)dx,dm(x) — m{x)dx, and (see Eq. 4.2 in [T]) 

( „. 2) iW = exp (_f^), Hx) = -L-^^ iv 



The value function W(x) of the stochastic singular control problem is assumed to 
satisfy the following PDE (see Eq. 3.23 on page 693 in [T]) 

(0.3) aW(x) - JL-JLw(x) = h(x), 



dm ds 



or equivalently 



(0.4) aW(x) - fi(x)W'(x) - ^a(x) 2 W"(x) = h(x), 
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where (see Eq. 3.21 and Eq. 3.22 in pQ) 

(0.5) h(x) = f H(y)s(y)dy + C, 

Jo 

and 

(0.6) W(x) = f X V(y)s(y)dy + - (~^r + h(a) 

J a " V m K a ) 

Then in the proof of Theorem 3.2 on page 693 in [I], the authors constructed the 
function 

(0.7) U(x) = aW(x)-—^-W{x)-h(x), 

dm ds 

and claimed that 

(0.8) ^U'(x) = aV(x)-±±V(x)-H(x). 

This is equivalent to 

(0.9) U(x) = aW(x) - n{x)W'[x) - ^a(x) 2 W"{x) - h(x), 

and 

(0.10) -r^-U'ix) = aV(x) - fi(x)V'{x) - la(x) 2 V"(x) - H(x). 

s(x) 2 

However, by a careful examination, it can be seen that the above proposition is not 
true in general. The reason here is that /i(x) and cr(x) are both functions of x, and 
when taking the derivative of U(x), the product rule has to be applied. The details 
is shown below. 

By the definition of W(x) in (|Q~6]) . h(x) in (f0~5]l and s(x) in we get 

W'(x)= V(x)s(x), 
h'{x)= H(x)s(x), 

s( z )= _ s(a;) __ 

hence 

2ji{x) 



W"{x)= V'(x)s(x) - V(x)s(x) 



a(x) 2 ' 



W"'(x)= V"(x)s(x) - 2V>(x)s(x)^ + V(x)s^l 

(T ( X ) CT I X ) 

-V{x)s{x) (2^'{x)(j{x)- 2 - Afi(x)a(xy 3 a'(x)) . 
Now if we take the derivative of U{x) in (j0.9[) we get 

2u(x) 

U'(x) =aV(x)s(x) - fx'(x)V(x)s(x) - fi(x)V' (x)s(x) + (i(x)V{x)s(x) ' 



-a(x)a'(x)V'(x)s(x) + a(x)a' (x)V(x)s(x) 



a(x) 2 
2fj,(x) 
a(x) 



2 



-a{xf { V"{x)s{x) - 2V , (x)s(x)^$ + V{x)s^ x) 



a(x) 2 a(x) 4 
V(x)s(x) (2fi'(x)a(x)- 2 - 4fi(x)a(x)- 3 a'(x))) - H(x)s(x). 
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After simplifying this expression and comparing it to (10.101) we should have the fol- 
lowing 

(0.11) = -a(x)a'(x)V'(x) + 2^i{x)V'(x), 

which does not hold in general. 

A possible correction to this paper is to add a condition 

(0.12) 2ju(x) = a{x)a'{x) 

deduced from (jO.lip . but a second concern of this paper might be more profound. 
The Dirichlet form in this paper is defined as (see Eq. 3.3 on page 686 in pQ) 

f A 1 
(0.13) £(u,v) — / u'{x)v'{x) — —da;, ii,d£ J. 

J-A m ( x ) 

where 

T= H l (i-A,A):dx) 

u is absolutely continuous, u' E L 2 ((— A, A); dx)}. 

The authors claimed that this Dirichlet form (£,J-) is regular on L 2 ([— A, A]; ds) 
and the associated underlying process is a reflecting barrier diffusion on [—A, A] with 
infinitesimal generator 4--^r, i.e., the generator L given in (|0.1j) . The correspondence 
is given by (see Corollary 1.3.1 on page 21 of [5]) 

(0.14) £ (u, v) = (-Lu, v), ue V(L), v e J 7 , 

where T>(L) is the domain of L. Since the underlying process is a reflecting barrier 
diffusion on [—A, A], V(L) is given by (see page 22 of [2]) 

T>(L) = {u G T : u' is absolutely continuous, 

u" e L 2 ((-A, A);dx), u'(-A) = u'{A) = 0}. 

Now we try the integration by parts on (I0.13|) and get 
£(u,v)= J\'(x)v'(x)^exp (-j X dx 



o o"(y) 



u" (x) + (t(x)ct' (x)u' (x) — fj,(x)u'(x) ) v(x) exp ( — j — -j-^dy ) dx. 



I -A 

Once again, when the condition (|0. 1 2[) holds, we get 

a(x) 2 <j(x) 2 
x ^ u"(x) + a(x)<r'(x)u'(x) - /j,(x)u'(x) = K ' u"(x) + fi(x)u'(x) = Lu(x), 

and (pT4l holds. 

It should also be noticed that there might be a feasible way to amend this issue. 
We may simply consider the diffusion 

dX t = j(X t )dt + (T(X t )dw t , 
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with the infinitesimal generator 

Lyii(x) — r y(x)u'(x) + —a(x) 2 u" (x), 

and put 

j(x) — <j(x)a'(x) — n(x). 

The Dirichlet form is still defined as in (|0.13[) and s(x),m(x) are still given in f|0 . 2[) . 
then we get 

£(u, v) = (— L 7 u, v). 

It might be interesting to notice that when a is a constant, we get j(x) = —fj,(x), 

and 

(0.15) £(u, v) = J A u'(x)v'(x)^exp (£ ^r d f) dx - 
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